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Cayley properties of the line graphs induced
by consecutive layers of the hypercube
S.Morteza Mirafzal
Abstract. Let n > 3 and 0 < k < n
2
be integers. In this paper, we investi-
gate some algebraic properties of the line graph of the graph Qn(k, k+1)
where Qn(k, k + 1) is the subgraph of the hypercube Qn which is in-
duced by the set of vertices of weights k and k + 1. In the first step,
we determine the automorphism groups of these graphs for all values of
n, k. In the second step, we study Cayley properties of the line graphs of
these graphs. In particular, we show that if k ≥ 3 and n 6= 2k + 1, then
except for the cases k = 3, n = 9 and k = 3, n = 33, the line graph of
the graph Qn(k, k+1) is a vertex-transitive non-Cayley graph. Also, we
show that the line graph of the graph Qn(1, 2) is a Cayley graph if and
only if n is a power of a prime p. Moreover, we show that for ‘almost
all’ even values of k, the line graph of the graph Q2k+1(k, k + 1) is a
vertex-transitive non-Cayley graph.
Mathematics Subject Classification (2010). Primary 05C25.
Keywords. Middle layer cube, Line graph, Automorphism group, k-
homogeneous permutation group, Sharply 2-transitive permutation group,
Cayley graph.
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1. Introduction
In this paper, a graph Γ = (V,E) is considered as an undirected simple graph
where V = V (Γ) is the vertex-set and E = E(Γ) is the edge-set. For all the
terminology and notation not defined here, we follow [2,8,9].
Let n ≥ 1 be an integer. The hypercube Qn is the graph whose ver-
tex set is {0, 1}n, where two n-tuples are adjacent if they differ in precisely
one coordinates. The hypercube Qn, has been extensively studied. Never-
theless, many open questions remain. Harary, Hayes, and Wu [11] wrote
a comprehensive survey on hypercube graphs. In the graph Qn, the layer
Lk is the set of vertices which contain k 1’s, namely, vertices of weight k,
.
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1 ≤ k ≤ n. We denote by Qn(k, k+1), the subgraph of Qn induced by layers
Lk and Lk+1. For n = 2k+1, the graph Q2k+1(k, k+1) has been investigated
from various aspects, by various authors and is called the middle layer cube
[7,11,13,30,31] or regular hyperstar graph (denoted by HS(2k, k)) [18,19,23].
It has been conjectured by Dejter, Erdo˝s, and Havel [13] among others, that
Q2k+1(k, k+ 1) is hamiltonian. Recently, Mu¨tze [31] showed that the middle
layer cube Q2k+1(k, k + 1) is hamiltonian.
Figure 1. shows the graph HS(6, 3) (Q5(2, 3)) in plane. Note that in
this figure the set {i, j, k} ({i, j}) is denoted by ijk (ij).
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Figure 1. The regular hyperstar graph HS(6,3)
The study of vertex-transitive graphs has a long and rich history in
discrete mathematics. Prominent examples of vertex-transitive graphs are
Cayley graphs which are important in both theory as well as applications.
Vertex-transitive graphs that are not Cayley graphs, for which we use the
abbreviation VTNCG, have been an object of a systematic study since 1979
[3,10]. In trying to recognize whether or not a vertex-transitive graph is a
Cayley graph, we are left with the problem of determining whether the au-
tomorphism group contains a regular subgroup [2]. The reference [1] is an
excellent source for studying graphs that are VTNCG. In particular, de-
termining the automorphism group of a given graph can be very useful in
determining whether this graph is a Cayley graph. In this area of research, in
algebraic graph theory, there are various works and some of the recent papers
in this scope are [3,10,14,15,16,22,23,24,25,27,28,29]. In this paper, we inves-
tigate some algebraic properties of the line graph of the graph Qn(k, k + 1),
in particular, we study cayleyness of this graph.
We can consider the graph Qn from another point of view. The Boolean
lattice BLn, n ≥ 1, is the graph whose vertex set is the set of all subsets of
[n] = {1, 2, ..., n}, where two subsets x and y are adjacent if their symmetric
difference has precisely one element. In the graph BLn, the layer Lk is the
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set of k-subsets of [n]. We denote by BLn(k, k + 1), the subgraph of BLn
induced by layers Lk and Lk+1.
Note that if A is a subset of [n], then the characteristic function of A
is the function χA : [n] −→ {0, 1}, with the rule χA(x) = 1, if and only if
x ∈ A. We now can show that the mapping χ : V (BLn) −→ V (Qn), defined
by the rule, χ(A) = χA, is a graph isomorphism. Now, it is clear that the
graph Qn is isomorphic with the graph BLn, by an isomorphism that induces
an isomorphism from BLn(k, k + 1) to Qn(k, k + 1). For this reason, in the
sequel, we work on the graph BLn(k, k + 1) and for abbreviation, we denote
it by B(n, k). We know that
(
n
k
)
=
(
n
n−k
)
, so B(n, k) ∼= B(n, n−k). Therefore,
in the sequel we assume that k < n2 .
2. Preliminaries
The group of all permutations of a set V is denoted by Sym(V ) or just Sym(n)
when |V | = n. A permutation group G on V is a subgroup of Sym(V ). In
this case we say that G act on V . If Γ is a graph with vertex-set V , then we
can view each automorphism of Γ as a permutation of V , and so Aut(Γ) is a
permutation group. Let the group G act on V , we say that G is transitive
(or G acts transitively on V ) if there is just one orbit. This means that given
any two element u and v of V , there is an element β of G such that β(u) = v.
The graph Γ is called vertex-transitive, if Aut(Γ) acts transitively on
V (Γ). The action of Aut(Γ) on V (Γ) induces an action on E(Γ), by the
rule β{x, y} = {β(x), β(y)}, β ∈ Aut(Γ), and Γ is called edge-transitive if
this action is transitive. The graph Γ is called symmetric, if for all vertices
u, v, x, y, of Γ such that u and v are adjacent, and x and y are adjacent, there
is an automorphism α such that α(u) = x, and α(v) = y. It is clear that a
symmetric graph is vertex-transitive and edge-transitive.
For v ∈ V (Γ) and G = Aut(Γ), the stabilizer subgroup Gv is the sub-
group of G containing all automorphisms which fix v. In the vertex-transitive
case all stabilizer subgroups Gv are conjugate in G, and consequently are
isomorphic. In this case, the index of Gv in G is given by the equation,
|G : Gv| =
|G|
|Gv|
= |V (Γ)|. If each stabilizer Gv is the identity group, then
every element of G, except the identity, does not fix any vertex, and we say
that G acts semiregularly on V . We say that G act regularly on V if and
only if G acts transitively and semiregularly on V , and in this case we have
|V | = |G|.
Let n, k ∈ N with k < n, and let [n] = {1, ..., n}. The Johnson graph J(n, k)
is defined as the graph whose vertex set is V = {v | v ⊆ [n], |v| = k} and two
vertices v,w, are adjacent if and only if |v ∩ w| = k − 1. The Johnson graph
J(n, k) is a vertex-transitive graph [9]. It is an easy task to show that the
set H = {fθ | θ ∈ Sym([n])}, fθ({x1, ..., xk}) = {θ(x1), ..., θ(xk)}, is a sub-
group of Aut(J(n, k)) [9]. It has been shown that Aut(J(n, k)) ∼= Sym([n]), if
n 6= 2k, and Aut(J(n, k)) ∼= Sym([n])× Z2, if n = 2k, where Z2 is the cyclic
group of order 2 [5,28].
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Let G be any abstract finite group with identity 1, and suppose Ω is a
set of G, with the properties:
(i) x ∈ Ω =⇒ x−1 ∈ Ω, (ii) 1 /∈ Ω.
The Cayley graph Γ = Γ(G; Ω) is the (simple) graph whose vertex-set
and edge-set defined as follows:
V (Γ) = G, E(Γ) = {{g, h} | g−1h ∈ Ω}. It can be shown that a con-
nected graph Γ is a Cayley graph if and only if Aut(Γ) contains a subgroup
H , such that H acts regularly on V (Γ) [2, chapter 16].
3. Main results
Definition 3.1. Let n ≥ 4 be an integer and [n] = {1, 2, ..., n}. Let k be an
integer such that 1 ≤ k < n2 . The graph B(n, k) is a graph with the vertex
set V = {v | v ⊂ [n], |v| ∈ {k, k + 1}} and the edge set E = {{v, w} | v, w ∈
V, v ⊂ w or w ⊂ v}.
According to the Definition 3.1. Figure 2. shows B(5, 1) in the plane.
Figure 2. B(5,1)
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Note that in the above figure i = {i}, ij = {i, j}.
Remark 3.2. In the sequel, we denote every set {x1, x2, ..., xt} by x1x2...xt.
We see that in Γ = B(n, k), if v = x1...xk ∈ P1 = {v | v ⊂ [n], |v| = k},
then
N(v) = {x1...xky1, ..., x1...xkyn−k},
where {x1, ..., xk, y1, ..., yn−k} = [n] = {1, ..., n}. Hence, deg(v) = |N(v)| =
n−k. On the other hand, if w = x1...xkxk+1 ∈ P2 = {v | v ⊂ [n], |v| = k+1},
then
N(w) = {u | u ⊂ w, |u| = k},
and hence |N(w)| = deg(w) = k + 1. Therefore, if k 6= n−12 , then we have
k + 1 6= n− k, and thus if k 6= n−12 , then the graph B(n, k) is not a regular
graph.
Since every vertex of B(n, k) which is in P1 is of degree n − k and
|P1| =
(
n
k
)
then the number of edges of B(n, k) is (n− k)
(
n
k
)
and the number
of vertices of B(n, k) is
(
n
k
)
+
(
n
k+1
)
.
Proposition 3.3. The graph B(n, k) is bipartite and connected.
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Proof. Let P1 = {v | v ∈ V (B(n, k)), |v| = k} and P2 = {v | v ∈ V (B(n, k)), |v|
=k + 1}. Then from the definition of the graph B(n, k) it follows that V =
V (B(n, k)) = P1 ∪ P2, P1 ∩ P2 = ∅ and every edge e = {x, y} of B(n, k) is
such that only one of x or y is in P1 and the other is in P2.
We now show that B(n, k) is a connected graph. Let x, y be two vertices
of B(n, k). In the first step, let x, y be in P1. Let x = x1x2...xk, y = y1y2...yk
and |x1...xk ∩ y1...yk| = k − t, 0 ≤ t ≤ k − 1. We can show by induction
on t that d(x, y) ≤ 2t, where d(x, y) is the distance of vertices x and y in
B(n, k). Let |x∩y| = |x1...xk ∩y1...yk| = k− 1, then we have x = x1...xk−1u,
y = x1...xk−1v, for some u, v ∈ [n] = {1, ...n}, v 6= u. Now if z = x1...xk−1uv
then P : x, z, y is a path between x and y and we have d(x, y) = 2 = 2t, for
t = 1.
Now, suppose that the assertion is true for t = m, where 1 ≤ m <
k − 1. Let |x ∩ y| = k − (m + 1). Let x = x1...xk−m−1u1...um+1, y =
x1...xk−m−1v1...vm+1. Then for the vertex, z1 = x1...xk−m−1u1...umv1, we
have |z1∩y| = k−m, |z1∩x| = k−1, hence by the assumption of induction we
have d(x, z1) = 2, and d(z1, y) = 2m, therefore d(x, y) ≤ d(x, z1) + d(z1, y) =
2+2m = 2(m+1)(in fact, we can show that in this case, d(x, y) = 2(m+1)).
In the second step, let x ∈ P1 and y ∈ P2. If x = x1x2...xk, y =
y1y2...ykyk+1, then z = y1...yk ∈ P1 and z is adjacent to y. Now, by what we
have seen in the first step, there is a path between x and z in B(n, k), and
therefore there is path between x and y in B(n, k).
In the last step, let x, y ∈ P2. If x = x1...xkxk+1, y = y1...ykxk+1. Then,
for z = x1...xk we have z ∈ P1 and z is adjacent to x, and so according to the
second step, there is a path between y and z, and therefore there is a path
between x and y. 
By the method which we used in the proof of Proposition 3.3. we can
deduce the following result.
Corollary 3.4. Let D be the diameter of the graph B(n, k). If n 6= 2k+1, then
D = 2(k + 1) = 2k + 2. If n = 2k + 1, then D = 2k + 1.
We know that every vertex-transitive graph is a regular graph, so if
Γ is not a regular graph, then Γ is not a vertex-transitive graph. Thus, if
n 6= 2k + 1, then B(n, k) is not a vertex-transitive graph.
Let V = V (B(n, k)) be the vertex set of B(n, k). Then, for each σ ∈
Sym([n]), the mapping,
fσ : V −→ V, fσ(v) = {σ(x)| x ∈ v}, v ∈ V,
is a bijection of V and fσ is an automorphism of the graph B(n, k). In fact,
for each edge e = {v, w}={x1...xk, x1...xkxk+1}, we have,
fσ(e) = {fσ(v), fσ(w)} = {σ(x1)...σ(xk), σ(x1)...σ(xk)σ(xk+1)},
and consequently fσ(e) is an edge of B(n, k). Similarly, if f = {x, y} is not
an edge of B(n, k), then fσ(f) = {fσ(x), fσ(y)} is not an edge of B(n, k).
Therefore, if H = {fσ | σ ∈ Sym([n])}, then H is a subgroup of the group
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G = Aut(B(n, k)). In fact, we show that if n 6= 2k+1, then Aut(B(n, k)) = H,
and if n = 2k+1, then Aut(B(n, k)) = H ×Z2, where Z2 is the cyclic group
of order 2. It is clear that H ∼= Sym([n]).
Proposition 3.5. If Γ = B(n, k), then Γ is edge-transitive. Moreover, if n =
2k + 1, then Γ is vertex-transitive.
Proof. If e1 = {x1...xk, x1...xkxk+1}, e2 = {y1...yk, y1...ykyk+1} are edges of
Γ, then we define the mapping
θ =
(
x1, ..., xk, xk+1, u1, ..., un−k−1
y1, ..., yk, yk+1, v1, ..., vn−k−1
)
,
where {x1, ...xk+1, u1, ..., un−k−1} = {1, ..., n} = {y1, ..., yk+1, v1, ..., vn−k−1}.
It is an easy task to show that θ ∈ Sym([n]). Therefore, fθ ∈ S = {fσ | σ ∈
Sym([n])} ≤ Aut(Γ), and we have fθ(e1) = e2.
We now assume that n = 2k+1. For each vertex v in V = V (B(n, k)), let
vc be the complement of the set v in [n]. We define the mapping α : V −→ V
by the rule, α(v) = vc, for every v in V . Since the complement of a k-subset
of the set [n] is a (k + 1)-subset of [n], then α is a well-defined mapping. We
can see, by an easy argument that α is an automorphism of B(n, k), namely,
α ∈ Aut(B(n, k)), also α is of order 2. We recall that the the group Sym([n])
acts transitively on the set of all k-subsets of [n]. Let v, w are vertices in
B(n, k). If v, w are k-subsets of [n], then there is some θ ∈ Sym([n]) such
that fθ(v) = w. If v is a k-subset and w is a k + 1-subset of [n], then α(w)
is a k-subset of [n], and hence there is some fθ ∈ Aut(B(n, k)) such that
fθ(v) = α(w), and thus (αfθ)(v) = w. 
In the sequel, we determine Aut(B(n, k)), the automorphism group of
the graph B(n, k).
Lemma 3.6. Let n and k be integers with n2 > k ≥ 1, and let Γ = (V,E) =
B(n, k), with V = P1 ∪ P2, P1 ∩ P2 = ∅, where P1 = {v | v ⊂ [n], |v| = k}
and P2 = {w | w ⊂ [n], |w| = k+1}. If f is an automorphism of Γ such that
f(v) = v for every v ∈ P1, then f is the identity automorphism of Γ.
Proof. The proof is straightforward (see [27] Lemma 3.1).

Remark 3.7. If in the assumptions of the above lemma, we replace with
f(v) = v for every v ∈ P2, then we can show, by a similar discussion, that f
is the identity automorphism of Γ.
Lemma 3.8. Let Γ = (V,E) be a connected bipartite graph with partition
V = V1 ∪ V2, V1 ∩ V2 = ∅. Let f be an automorphism of Γ. If for a fixed
vertex v ∈ V1, we have f(v) ∈ V1, then f(V1) = V1 and f(V2) = V2. Also, if
for a fixed vertex v ∈ V1, we have f(v) ∈ V2, then f(V1) = V2 and f(V2) = V1.
Proof. The proof is straightforward (see [27] Lemma 3.3). 
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We now can conclude the following result.
Corollary 3.9. Let n and k be integers with n2 > k ≥ 1, and let Γ = (V,E) =
B(n, k), with V = P1 ∪ P2, P1 ∩ P2 = ∅, where P1 = {v | v ⊂ [n], |v| = k}
and P2 = {w | w ⊂ [n], |w| = k+ 1}. Let f be an automorphism of the graph
Γ. If n 6= 2k + 1, then f(V1) = V1 and f(V2) = V2. Also, if n = 2k + 1, then
f(V1) = V1 and f(V2) = V2, or f(V1) = V2 and f(V2) = V1.
Proof. We know that if v ∈ P1, then deg(v) = n − k, and if w ∈ P2, then
deg(w) = k + 1. If n 6= 2k + 1, then n − k 6= k + 1. Hence, if v ∈ P1,
then f(v) /∈ P2 (note that deg(f(v)) = deg(v)). Therefore, if v ∈ P1, then
f(v) ∈ P1. Now, since by proposition 3.3. the graph B(n, k) is connected
and bipartite, thus by by Lemma 3.8. we conclude that f(V1) = V1 and
f(V2) = V2. The proof of the second assertion is similar. 
We now are ready to prove one of the important results of this paper.
Theorem 3.10. Let n and k be integers with n2 > k ≥ 1, and let Γ = (V,E) =
B(n, k), with partition V = P1 ∪ P2, P1 ∩ P2 = ∅, where P1 = {v | v ⊂
[n], |v| = k} and P2 = {w | w ⊂ [n], |w| = k + 1}. If n 6= 2k + 1, then
Aut(Γ) ∼= Sym([n]), and if n = 2k+1, then Aut(Γ) ∼= Sym([n])×Z2, where
Z2 is the cyclic group of order 2.
Proof. The proof is almost similar to what is seen in [27, Theorem 3.6].
(a) In the first step, we prove the theorem for the case n 6= 2k + 1. Let
H = {fθ | θ ∈ Sym([n])}. We have already seen that H ∼= Sym([n]) and
H ≤ Aut(B(n, k)). Let G = Aut(B(n, k)). We show that G = H. Let f ∈ G.
Then by Corollary 3.9. we have f(V1) = V1. Then, for every vertex v ∈ V1
we have f(v) ∈ V1, and therefore the mapping g = f|V1 : V1 → V1, is a
permutation of V1 where f|V1 is the restriction of f to V1. Let Γ2 = J(n, k)
be the Johnson graph with the vertex set V1. Then, the vertices v, w ∈ V1
are adjacent in Γ2 if and only if |v ∩ w| = k − 1.
We assert that the permutation g = f|V1 is an automorphism of the
graph Γ2.
For proving our assertion, it is sufficient to show that if v, w ∈ V1 are such
that |v ∩ w| = k − 1, then we must have |g(v) ∩ g(w)| = k − 1. Note that
since v, w are k-subsets of [n], then if u is a common neighbor of v, w in the
graph Γ = B(n, k), then the set u contains the sets v and w. In particular
u contains the (k + 1)-subset v ∪ w. now, since u is a (k + 1)-subset of [n],
then we have u = v ∪ w. In other words, vertices v and w have exactly one
common neighbor, namely, the vertex u = v ∪ w, in the graph Γ = B(n, k).
We assert that |g(v)∩ g(w)| = k− 1. In fact, if |g(v)∩ g(w)| = k−h < k− 1,
then h > 1 and hence |g(v) ∪ g(w)| = k + h ≥ k + 2. Hence, there is no
(k+1)-subset t in [n], such that g(v)∪ g(w) ⊂ t. In other words, the vertices
g(v) and g(w) have no common neighbors in the graph B(n, k), which is
impossible. Note that f is an automorphism of the graph Γ = B(n, k), hence
the number of the common neighbors of v and w in Γ is equal to the number
of the common neighbors of f(v) = g(v) and f(w) = g(w) in the graph Γ.
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Our argument shows that the permutation g = f|V1 is an automorphism
of the Johnson graph Γ2 = J(n, k) and therefore by [5 chapter 9, 28] there is
a permutation θ ∈ Sym([n]) such that g = fθ.
On the other hand, we know that fθ by its natural action on the vertex
set of the graph Γ = B(n, k) is an automorphism of Γ. Therefore, l = f−1θ f
is an automorphism of the graph Γ = B(n, k) such that l is the identity
automorphism on the subset P1. We now can conclude, by Lemma 3.6. that
l = f−1θ f , is the identity automorphism of Γ, and therefore f = fθ.
In other words, we have proved that if f is an automorphism of Γ =
B(n, k), then f = fθ, for some θ ∈ Sym([n]), and hence f ∈ H (n 6= 2k+ 1).
We now deduce that G = H.
(b) In this step, we prove the theorem for the case n = 2k + 1. Firstly, note
that the mapping α : V (Γ) → V (Γ), defined by the rule, α(v) = vc, where
vc is the complement of the subset v in [n] = [2k + 1] = {1, 2, . . . , 2k + 1},
is an automorphism of the graph Γ = B(n, k). In fact, if A,B are subsets of
[n] such that A ⊂ B, then Bc ⊂ Ac, and hence if {A,B} is an edge of the
graph B(n, k), then {α(A), α(B)} is an edge of the graph B(n, k). There-
fore we have, < α >≤ Aut(B(n, k)). Note that the order of α in the group
G = Aut(B(n, k)) is 2, and hence < α >∼= Z2. Let H = {fθ | θ ∈ Sym([n])}.
We have seen already that H ∼= Sym([n]) and H ≤ Aut(B(n, k)). We can see
that α 6∈ H , and for every θ ∈ Sym([n]), we have, fθα = αfθ. Therefore,
Sym([n])× Z2 ∼= H× < α >∼=< H,α >
={fγαi | γ ∈ Sym([n]), 0 ≤ i ≤ 1} = S,
is a subgroup of G = Aut(Γ). We show that G = S.
Let f ∈ Aut(Γ) = G. We show that f ∈ S. There are two cases.
(i) There is a vertex v ∈ V1 such that f(v) ∈ V1, and hence by Lemma
3.8. we have f(V1) = V1.
(ii) There is a vertex v ∈ V1 such that f(v) ∈ V2, and hence by Lemma
3.8. we have f(V1) = V2.
Let f(V1) = V1. Then, by a similar argument which we did in (a), we can
conclude that f = fθ, where θ ∈ Sym([n]). In other words, f ∈ S.
We now assume that f(V1) 6= V1. Then, f(V1) = V2. Since the mapping α
is an automorphism of the graph Γ, then fα is an automorphism of Γ such
that fα(V1) = f(α(V1)) = f(V2) = V1. Therefore, by what is proved in (i),
we have fα = fθ, for some θ ∈ Sym([n]). Now since α is of order 2, then
f = fθα ∈ S = {fγα
i | γ ∈ Sym([n]), 0 ≤ i ≤ 1}.

Let Γ be a graph. The line graph L(Γ) of the graph Γ is constructed by
taking the edges of Γ as vertices of L(Γ), and joining two vertices in L(Γ)
whenever the corresponding edges in Γ have a common vertex. It is an easy
task to show that if θ ∈ Aut(Γ), then the mapping f(θ) : V (L(Γ))→ V (L(Γ))
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defined by the rule,
f(θ)({u, v}) = {θ(u), θ(v)}, {u, v} ∈ E(Γ),
is an automorphism of the graph L(Γ). Hence, it is clear that if a graph Γ is
edge-transitive, then its line graph is vertex transitive. There is an important
relation between Aut(Γ) and Aut(L(Γ)). In fact, we have the following result
[2, chapter 15].
Theorem 3.11. Let Γ be a connected graph. The mapping θ : Aut(Γ) →
Aut(L(Γ)) defined by the rule,
θ(g){u, v} = {g(u), g(v)}, g ∈ Aut(Γ), {u, v} ∈ E(Γ),
is a group homomorphism and in fact we have;
(i) θ is a monomorphism provided Γ 6= K2;
(ii) θ is an epimorphism provided Γ is not K4, K4 with one edge deleted, or
K4 with two adjacent edges deleted.
Let [n] = {1, ..., n}, n ≥ 4 and Γ = B(n, k). We let the graph Γ1 = L(Γ),
the line graph of the graph Γ. Then, each vertex in Γ1 is of the form {A,Ay},
where A ⊆ [n], |A| = k, y ∈ [n]−A and Ay = A∪{y}. Two vertices {A,Ay}
and {B,Bz} are adjacent in Γ1 if and only if A = B and y 6= z, or Ay = Bz
and A,B are distinct k-subset of Ay. In other words, if A = x1...xk ⊆ [n],
then for the vertex v = {A,Ay1} of Γ1 = L(B(n, k)), we have;
N(v) = {{A,Ay2}, ..., {A,Ayn−k}, {Ay1−{x1}, Ay1}, ..., {Ay1−{xk}, Ay1}}.
Hence, the graph L(B(n, k)) is a regular graph of valency n−k−1+k = n−1.
In other words, the degree of each vertex in the graph L(B(n, k)) is indepen-
dent of k. In fact, the graph L(B(n, k)) is a vertex-transitive graph, because
by Proposition 3.5. the graph B(n, k) is an edge-transitive graph. Figure 3.
shows the graph L(B(4, 1)) in the plane.
1,12 1,13
1,14
2,12
2,23
2,24 4,24
4,41
4,43
3,343,23
3,31
Figure 3. L(B(4,1))
Note that in the above figure i, ij = {{i}, {i, j}}.
We know by Theorem 3.3. the graph B(n, k) is a connected graph, hence
its line graph, namely, the graph L(B(n, k)) is a connected graph [4]. The
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graph L(B(n, k)) has some interesting properties, for example, if n, k are odd
integers, then L(B(n, k)) is a hamiltonian graph. In fact, if v is a vertex in
B(n, k), then deg(v) ∈ {k+1, n− k}, therefore, if n, k are odd integers, then
the degree of each vertex in the graph B(n, k) is an even integer, and hence
B(n, k) is eulerian [4]. Consequently, in this case the graph L(B(n, k)) is a
hamiltonian graph.
We know that the graph L(B(n, k)) is a vertex-transitive graph. There
is a well known conjecture in graph theory which asserts that almost all
vertex-transitive connected graphs are hamiltonian [21]. Depending on this
conjecture and what is mentioned in above, it seems that the following con-
jecture has an affirmative answer.
Conjecture The line graph of the graph B(n, k), namely, L(B(n, k)) is
a hamiltonian graph.
A graph Γ is called an integral graph, if all of its eigenvalues are in-
tegers. The notion of integral graphs was first introduced by F. Harary and
A.J. Schwenk in 1974 [12]. In general, the problem of characterizing integral
graphs seems to be very difficult. There are good surveys in this area (for
example [6]). In the scope of the present paper, we have the following result.
Fact ( Mirafzal [26, Theorem 3.4] ) Let n > 3 be an integer. Then, the
graph L(B(n, 1)) is a vertex-transitive integral graph with distinct eigenval-
ues, −2,−1, 0, n− 2, n− 1.
On the automorphism group of the line graph of the graph B(n, k),
namely, L(B(n,k)), by Proposition 3.3. and Theorem 3.10. and Theorem 3.11.
we have the following result.
Theorem 3.12. Let n ≥ 4, [n] = {1, ..., n}, 1 ≤ k < n2 . If Γ = B(n, k) and
n 6= 2k + 1, then Aut(L(Γ)) ∼= Sym([n]). If n = 2k + 1, then Aut(L(Γ)) ∼=
Sym([n])× Z2.
We now ready to determine the values of n, k such that the graph
L(B(n, k)) is a non-Cayley graph.
A permutation group G, acting on a set V, is k-homogeneous if its
induced action on V {k} is transitive, where V {k} is the set of all k-subsets
of V . Also we say that G is k-transitive if G is transitive on V (k), where
V (k) is the set of k-tuples of distinct elements of V . Note that if G is k-
homogeneous, then we have
(
n
k
)
||G|, and if G is k-transitive, then we have
n!
(n−k)! ||G|. If the group G acts regularly on V
(k), then G is said to be sharply
k-transitive on V . This means that for given two k-tuples in V (k), there is a
unique permutation in G mapping one k-tuple to the other.
We need the following two results which can be found in [8].
Theorem 3.13. [20] Let G be a k-homogeneous group on a finite set Ω of n
points, where n ≥ 2k. Then, if k ≥ 2,
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(a) the permutation group G is (k − 1)-transitive, and
(b) if also k ≥ 5, the given permutation group G is k-transitive.
The following result is a very deep result in group theory
Theorem 3.14. [17] Let G be a group which is k-homogeneous but not k-
transitive on a finite set Ω of n points, where n ≥ 2k. Then, up to permutation
isomorphism, one of the following holds:
(i) k =2 and G ≤ AΓL(1, q) with n = q ≡ 3 (mod 4);
(ii) k = 3 and PSL(2, q) ≤ G ≤ PΓL(2, q), where n− 1 = q ≡ 3 (mod 4);
(iii) k=3 and G = AGL(1, 8), AΓL(1, 8) or AΓL(1, 32); or
(iv) k = 4 and G = PSL(2, 8), PΓL(2, 8) or PΓL(2, 32).
Note that here q is a power of a prime integer, and AΓL(1, q) is the group
of mappings x 7→ axσ + b on GF (q), where a 6= 0 and b are in GF (q) and
σ ∈ Aut(GF (q)). AGL(1, q) consists of those mappings with σ = 1. All the
groups listed in the theorem are assumed to act in their usual permutation
representations. In the sequel, we also need the following result [32, chapter
7].
Theorem 3.15. Let G be a sharply 2-transitive permutation group on a finite
set V. Then the degree of G is pm for some prime p. Moreover, G is similar
to a subgroup of Aff(W ) which contains the translation group where W is a
vector space of dimension m over GF (p).
We are now ready to prove one the most important results of our work.
Theorem 3.16. Let n, k be integers, 3 < n, 1 ≤ k < n2 and n 6= 2k + 1. Then
the graph L(B(n, k)) is a non-Cayley graph if each of the following holds:
(i) k ≥ 4;
(ii) k = 2, and n − 1 6= q ≡ 3 (mod 4), where q is a power of a prime
integer;
(iii) k = 3 and n /∈ {9, 33};
(iv) k = 1 and n is not a power of a prime integer.
Proof. On the contrary, assume that the graph Γ = L(B(n, k)) is a Cayley
graph, then the automorphism group Aut(Γ) contains a subgroupG such that
G acts regularly on the vertex set of Γ [2, chap 16]. We know by Theorem
3.12. that Aut(Γ) = {fθ | θ ∈ Sym([n])}. We let G1={θ | fθ ∈ G}, then
G1 is a subgroup of Sym([n]) which is isomorphic with the group G, and G1
is (k + 1)-homogeneous on the set [n] = {1, 2, ..., n}. Note that each vertex
v = {A,Ax} in the graph L(B(n, k)) consist of a k-subset and a (k + 1)-
subset of [n] and the group G acts transitively on the vertex-set of the graph
Γ. In fact, if A,B are given (k + 1)-subsets of the set [n], then we choose
k-subsets C,D of A,B respectively, and thus {A,C}, {B,D} are vertices of
the graph Γ = L(B(n, k)), and hence there is some element fθ ∈ G such that
fθ({A,C}) = {θ(A), θ(C)} = {B,D}, which implies that θ(A) = B, where
θ ∈ G1.
We assert that that the group G1 is a (k + 1)-transitive permutation
group on the set [n]. In the first step, we assume that k ≥ 2. If k ≥ 4, then
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k + 1 ≥ 5, now since G1 is a (k + 1)-homogeneous permutation group on
the set [n] = {1, 2, ..., n}, then by Theorem 3.13. G1 is a (k + 1)-transitive
permutation group on the set [n].
If k = 3, then G1 is a 4-homogeneous permutation group on the set [n] =
{1, 2, ..., n}. Also we have,
|G1| = |G| = |V (L(B(n, 3)))|=(n − 3)
(
n
3
)
=n(n−1)(n−2)(n−3)6 . Now since 3 =
k < n2 and n 6= 2k + 1, then n ≥ 8 and hence |G1| ≥
(8)(7)(6)(5)
6 = 280.
On the other hand we know that |PSL(2, 8)|=9× 8 × 7=504, |PΓL(2, 8)| =
3(8)(82 − 1) = 3 × 7 × 8 × 9 and |PΓL(2, 32)| = 5(32)(322 − 1) = 5 × 31 ×
32× 33. Note that if n = 9, then |V (L(B(n, 3)))| = 504, and if n = 33, then
|V (L(B(n, 3)))| = 5× 31× 32× 33.
If k = 2, then G1 is a 3-homogeneous permutation group on the set [n] =
{1, 2, ..., n}. Also we have,
|G1| = |G| = |V (L(B(n, 2)))|=(n − 2)
(
n
2
)
=n(n−1)(n−2)2 . On the other hand
we have |AGL(1, 8)| = 56, |AΓL(1, 8)| = 168, and |AΓL(1, 32)| = 32× 31× 5.
Note that if n = 8, then |V (L(B(8, 2)))| = 168, but 8− 1 = 7 ≡ 3 (mod 4).
Now, by comparing the order of the group G1 with orders of the groups
which appear in the cases (ii),(iii),(iv) in Theorem 3.14. we conclude by The-
orem 3.14. that the group G1 is a (k + 1)-transitive permutation group on
the set [n].
Therefore, if u1 = (x1, x2, ..., xk, xk+1) is a (k + 1)-tuple of distinct
elements of [n], then for u2 = (x1, xk+1, xk, ..., x3, x2) there is an element
θ ∈ G1 such that,
θ(u1) = (θ(x1), θ(x2), ..., θ(xk), θ(xk+1)) = u2 = (x1, xk+1, xk, ..., x3, x2)
Now, for the k-subset A = {x2, ..., xk, xk+1} we have;
θ(A) = {θ(x2), θ(x3), ..., θ(xk), θ(xk+1)} = A
Note that if k = 1, then θ can be the identity element of the group G1, but
if k > 1, then θ 6= 1, and hence in the first step we assume that k > 1.
Therefore, if we consider the k-subset A = {x2, ..., xk, xk+1} of [n], then
v = {A,Ax1} is a vertex of the graph Γ = L(B(n, k)), and thus, for the
element fθ in the group G we have
fθ(v) = {θ(A), θ(Ax1)} = {A,Aθ(x1)} = {A,Ax1} = v,
which is a contradiction, because 1 6= fθ ∈ Gv and the group G acts regularly
on the vertex set of the graph Γ. Consequently, if k > 1, then the graph
L(B(n, k)) is a vertex-transitive non-Cayley graph.
We now assume that k = 1. Before proceeding we mention that, in the
sequel, we do not luckily need Theorem 3.14. because, this theorem does not
work in this case. We know that |V | = n(n−1) and G is a subgroup of Aut(Γ)
which is regular on the set V , thus |G| = n(n− 1) and hence |G1| = n(n− 1).
We assert that G1 is 2-transitive on the set [n]. If (i, j) and (r, s) are 2-tuples
of distinct elements of [n], then {i, ij} and {r, rs} are vertices of the graph
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L(B(n, 1)), and thus there is some fφ in G such that
fφ({i, ij}) = {φ(i), φ(i)φ(j)} = {r, rs},
which implies that for φ ∈ G1 we have φ(i) = r, φ(j) = s, namely φ(i, j) =
(r, s).
Therefore, G1 is a 2-transitive group on [n] of order n(n− 1), and hence
G1 is sharply 2-transitive on [n]. Therefore, by Theorem 3.15. the integer n
is of the form pm for some prime p. In other words, if n is not a power of
a prime, then the graph L(B(n, 1)) has no subgroup G in its automorphism
group such that G acts regularly on the vertex set of L(B(n, 1)), and hence
this graph is not a Cayley graph. 
Remark 3.17. Note that if n = 2k + 1, then by Theorem 3.10 we have
Aut(B(n, k)) ∼= Sym([n]) × Z2, hence Theorem 3.16 does not work in this
case. We can solve the problem of cayleyness of the graph L(B(2k + 1, k))
in some cases, but the method for dealing with this problem is completely
different from what is appeared in Theorem 3.16. and hence we will discuss
on this case in the last part of our paper.
Note that Theorem 3.16 does not say anything if k = 1 and n is a power
of a prime, but we can show that the graph L(B(4, 1)) which is displayed in
Figure 4. is a Cayley graph. In fact we have the following result.
Proposition 3.18. Let G = A4, the alternating group of degree 4 on the set
[4]={1, 2, 3, 4}. Let ρ = (1, 2, 3) and a = (1, 2)(3, 4). If Γ is the Cayley graph
Cay(G;S) where S = {ρ, ρ2, a}, then Γ is isomorphic with B(L(4, 1)). In
other words, L(B(4, 1)) is a Cayley graph.
Proof. Let b = (1, 3)(2, 4), c = (1, 4)(2, 3). Now, since H = {1, ρ, ρ2} is a
subgroup of G, then G = H ∪aH ∪ bH ∪ cH . Note that K = {1, a, b, c}, is an
abelian subgroup of the group G, with the property that the order of each
non-identity element of G is 2, and in G we have ab = c, bc = a, ca = b.
We know that in the Cayley graph Cay(G;S), each vertex v is adjacent
to every vertex vs, s ∈ S and hence if v ∈ {a, b, c}, then N(v) = {va, vρ, vρ2},
where N(v) is the set of neighbors of v. Now a simple computation shows
that Figure 3, displays the graph Cay(A4;S) in the plane, is isomorphic with
the graph L(B(4, 1)). In fact, we have,
ρ−2cρ2=ρ−2(1, 4)(2, 3)ρ2=(3, 4)(1, 2)=a ∈ S, which implies that ρ2 is adja-
cent to cρ2.
(aρ)
−1
cρ=ρ−1(ac)ρ= ρ−1bρ=ρ−1(1, 3)(2, 4)ρ=a ∈ S, which implies that aρ
is adjacent to cρ.
(aρ2)−1bρ2= ρ−2abρ2= ρ−2cρ2= ρ−2(1, 4)(2, 3)ρ2= (3, 4)(1, 2)= a ∈ S, which
implies that aρ2 is adjacent to bρ2.
cb = a ∈ S which implies that c is adjacent to b.
Also, note that H, aH, bH, cH , are 3-cliques in Cay(G;S).

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1 ρ
ρ2a
aρ2
aρ cρ
cρ2
c
bbρ2
bρ
Figure 4: Cay(A4; {(1, 2, 3), (1, 3, 2), (1, 2)(3, 4)})
We now want to show that if n = pm, for some prime p, then the line
graph of B(n, 1), namely, the graph L(B(n, 1)) is a Cayley graph.
In the first step, note that in L(B(n, 1)), the subgraph induced by the set Ci =
{{i, ij} | j ∈ [n], j 6= i}, 1 ≤ i ≤ n, is a (n− 1)-clique. Also, V (L(B(n, 1)) =
(∪Ci)i∈[n] and for each pair of cliques Ci, Cj in L(B(n, 1) there is exactly
one pair of vertices vi ∈ Ci, vj ∈ Cj , namely, {i, ij}, {j, ji}, such that vi is
adjacent to vj . In fact, every regular graph Γ of order n(n− 1) and valency
n− 1 with these properties is isomorphic with L(B(n, 1)).
Theorem 3.19. Let Γ be a regular graph of order n(n− 1) and valency n− 1.
Suppose that in Γ there are n disjoint (n − 1)-cliques D1, ..., Dn, such that
V (Γ) = (∪Di)i∈[n] and for each pair of distinct cliques Di, Dj in Γ there is
exactly one pair of vertices vi, vj such that vi ∈ Di, vj ∈ Dj and vi is adjacent
to vj. Then, Γ is isomorphic with L(B(n, 1)).
Proof. In the first step, note that each vertex v in a (n − 1)−clique D is
adjacent to exactly one vertex w which is not in D, because v is of degree
n−1. We now, choose one of the cliques in Γ and label it by C1. we let vertices
in C1 are {v[1, 12], ..., v[1, 1n]}. If D is a clique in Γ different from C1, then
there is exactly one integer j, 2 ≤ j ≤ n, such that v[1, 1j] is adjacent to
exactly one vertex of D, say, vD. Then, we label the clique D by Cj . We now
label the vertices in Cj as follows,
If v ∈ Cj , then there is exactly one i, i ∈ {1, 2, ..., n}, i 6= j such that v is
adjacent to exactly one vertices in Ci, now in such a case, we label v by
v[j, ij].
Now, it is an easy task to show that the mapping φ : V (L(B(n, 1)) −→
V (Γ), defined by the rule, φ({j, ij}) = v[j, ij] is a graph isomorphism. 
Let H,K be groups, with H acting on K in such way that the group
structure of K is preserved (for example H is a subgroup of automorphisms
of the group K). So for each u ∈ K and x ∈ H the mapping u −→ ux is
an automorphism of K (Note that the action of H on K is not specified
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directly). The semi-direct product of K by H denoted by K ⋊H is the set
K ⋊H = {(u, x) | u ∈ K,x ∈ H},
with binary operation (u, x)(v, y) = (uvx
−1
, xy)
Theorem 3.20. if n = pm, for some prime p, then the line graph of B(n, 1),
namely, the graph L(B(n, 1)) is a Cayley graph.
Proof. Consider the finite fieldGF (n) and letK be the groupK = (GF (n),+).
For each 0 6= a ∈ K, we define the mapping fa : K −→ K, by the rule
fa(x) = ax, x ∈ K. Then, fa is an automorphism of the group K and
H = {fa | 0 6= a ∈ K} is a group (with composition of functions) of order
n− 1 which is isomorphic with the multiplicative group of the field GF (pm).
If we let G = K ⋊ H , then G is a well defined group of order n(n − 1).
Note that G is not an abelian group. Let T = {(0, h) | h ∈ H}. Then, T is
a subgroup of order n − 1 in the group G which is isomorphic with H and
[G : T ] = n, where [G : T ] is the index of T in G. Hence, there are elements
b1, ..., bn in G such that G = b1T ∪ ...∪ bnT, and if i 6= j, then biT ∩ bjT = ∅.
Note that f−1 ∈ H and f2−1 = i, where i is the identity element of H . Then,
for the element α = (1, f−1), we have
α2 = (1, f−1)(1, f−1) = (1 + (−1)1, (f−1)
2) = (0, i) = e,
where e is the identity element of G. Note that α /∈ T .
We now let Γ = Cay(G;S), where S = (T − {e}) ∪ {α}. Note that
S = S−1, because T is a subgroup of G and α2 = 1 (and consequently
α−1 = α ∈ S). Since, in the graph Γ vertices x, y are adjacent if and only
if x−1y ∈ S, then for each i, 1 ≤ i ≤ n, the subgraph induced by the set
Ci = biT , is a (n − 1)-clique in Γ. Since α /∈ T , then Ci ∩ Ciα = ∅. In fact,
if v = bit = bit1α, t1, t ∈ T , then t = t1α, and hence α ∈ T which is a
contradiction. Therefore, if v ∈ Cj , then v is adjacent to vα and vα ∈ Ci,
for some i, i 6= j. Since Γ is a regular graph of valency n − 1, then for each
vertex v ∈ Cj there is exactly one i, i 6= j such that v is adjacent to exactly
one vertex w in Ci. Now, by Theorem 3.19. we conclude that Γ is isomorphic
with L(B(n, 1)), and therefore the graph L(B(n, 1)) is a Cayley graph.

We now discuss on the cayleyness of the graph L(B(2k + 1, k)). As we
have stated in Remark 3.17. it seems that the method of Theorem 3.18. does
not work in this case. In the sequel, we need the following fact which appeared
in Mirafzal [25].
Lemma 3.21. [25] Let k > 2 be an even integer such that k is not of the form
k = 2t for some t ≥ 2, then the number
(
2k+1
k
)
is a multiple of 4.
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In the following theorem we prove, by an elementary method, that for
‘almost all’ even integers k, the line graph of the graph B(L(n, k)) is a vertex-
transitive non Cayley graph.
Theorem 3.22. Let k > 2 be an even integer such that k is not of the form
k = 2t for some t ≥ 2. Then, the line graph of the graph B(2k + 1, k)), that
is, L(B(2k + 1, k)) is a vertex-transitive non Cayley graph.
Proof. We let n = 2k + 1. We know by Theorem 3.10. and Theorem 3.12.
that
Aut(L(B(n, k))) = S = {fγαi | γ ∈ Sym([n]), 0 ≤ i ≤ 1}(∼= Sym([n])× Z2),
where α and fγ are automorphisms of the graph Γ = L(B(n, k)) which are
defined in Theorem 3.10. Suppose that Γ is a Cayley graph. Then, Aut(Γ) has
a subgroup R such that R acts regularly on the set V (Γ). Then |R| = |V (Γ)|
=
(
n
k
)
(k + 1) = n!(k!)(n−k)! (k + 1). Since k is not of the form k = 2
t for some
t ≥ 2, then by Lemma 3.21. the number
(
2k+1
k
)
=
(
n
k
)
is a multiple of 4,
hence |R| is a multiple of 4. If r is an element of R, then by Theorem 3.10. r
has a form such as fσα
i, where σ ∈ Sym([n]) and i ∈ {0, 1}. We know that
αfσ = fσα, for every σ ∈ Sym([n]). If fσαi ∈ R, then
(fσα
i)(fσα
i) = fσfσ(α
i)2 = fσ
2 = fσ2 ∈ R.
Then there are elements of the form fθ, θ ∈ Sym([n]) in R. Let M1 =
{fφ | fφ ∈ R}. We can easily see that M1 is a subgroup of R. In this step,
there are two cases, that is, (a) M1 = R, and (b) M1 6= R.
(a) If M1 = {fφ | fφ ∈ R} = R, then, by using the method which was
used in Theorem 3.16. we can show that the graph L(B(2k+1, k)) is a vertex
transitive non Cayley graph.
(b) We now assume that M1 6= R. Hence, R contains elements of the
form fθα. We let M2 ={fθα | fθα ∈ R}. Let fθ0α be a fixed element of
M2. Then M2fθ0α ⊆ M1, because (fθα)(fθ0α) = fθfθ0(α)
2 = fθfθ0 = fθθ0 .
Then, |M2| ≤ |M1|. Since M1fθ0α ⊆ M2, then |M1| ≤ |M2|, and hence
|M1| = |M2| = (1/2)|R|=
1
2
(
n
k
)
(k + 1). Now since |R| is a multiple of 4, then
|M1| is an even integer. Since |M1| is an even integer, then 2 divides |M1|.
Therefore, by the Cauchy’s theorem the groupM1 has an element fθ of order
2 where θ ∈ Sym([n]). Note that the orders of θ and fθ are identical, so θ is of
order 2 in the group Sym([n]). We know that each element of Sym([n]) has
a unique factorization into disjoint cycles of Sym([n]), hence we can write
θ = ρ1ρ2...ρh, where each ρi is a cycle of Sym([n]) and ρi∩ρj = ∅ when i 6= j.
We also know that if θ = ρ1ρ2...ρh, where each ρi is a cycle of Sym([n]) and
ρi∩ρj = ∅, then the order of the permutation θ is the least common multiple
of the integers, |ρ1|, |ρ2|, ..., |ρh|. Since θ is of order 2, then the order of each
ρi is 2 or 1, namely, |ρi| ∈ {1, 2}. In other words, each ρi is a transposition
or a cycle of length 1. Let θ = τ1τ2...τa(i1)(i2)...(ib), where each τr is a
transposition and each is ∈ [n]. Therefore, we have 2a + b = n = 2k + 1,
where b is an odd integer, and hence it is non-zero. Since b is a positive odd
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integer, then b − 1 is an even integer. we let d = b−12 , so that d is a non-
negative integer, d < b and k = a + d. Let τr = (xryr), 1 ≤ r ≤ a, where
xr, yr ∈ [n]. Now, there are two cases: (i) 2a ≤ k, (ii) 2a > k.
(i) Suppose 2a ≤ k. Then there is some non-negative integer t such
that 2a + t = k. Thus, for transpositions τ1, τ2, ..., τa and cycles (i1), ..., (it)
of the cycle factorization of θ, the set u = {x1, y1, ..., xa, ya, i1, i2, ..., it} is
a k subset of the set [n]. Hence, v = {u, u ∪ {ib}} is a vertex of the graph
Γ = L(B(n, k)). Therefore, we have;
fθ(v) = {{θ(x1), θ(y1), ..., θ(xa), θ(ya), θ(i1), ..., θ(it)},
{θ(x1), θ(y1), ..., θ(xa), θ(ya), θ(i1), ..., θ(it), θ(ib)}} =
{{y1, x1, ..., ya, xa, i1, i2, ..., it}, {y1, x1, ..., ya, xa, i1, i2, ..., it, ib}} =
{u, u ∪ {ib}} = v
(ii) Suppose 2a > k. We know by the assumption that k is an even
integer. Let k = 2m, where m ≥ 2 is an integer. Thus 2a > 2m and hence
a > m. Then by transpositions τ1, τ2, ..., τm we can construct the k-subset
u = {x1, y1, ..., xm, ym} of [n], and hence v = {u, u ∪ {ib}} is a vertex of the
graph Γ = L(B(n, k)), thus we have,
fθ(v) = {{θ(x1), θ(y1), ..., θ(xm), θ(ym)},
{θ(x1), θ(y1), ..., θ(xm), θ(ym), θ(ib)}} = {u, u ∪ {ib}} = v
From the above argument, it follows that the automorphism fθ, which
is an element of the subgroup R, fixes a vertex of the graph L(B(n, k)) which
is a contradiction, because R acts regularly on the vertex-set of L(B(n, k))
whereas fθ is not the identity element. 
4. Conclusion
In this paper, we determined the automorphism group of the graph Qn(k, k+
1), where Qn(k, k+1) is the subgraph of the hypercube Qn which is induced
by the set of vertices of weights k and k + 1, for all n > 3 and 0 < k < n2 .
Then, we studied some algebraic properties of the line graph of these graphs.
In particular, we proved that if k ≥ 3 and n 6= 2k + 1, then except for the
cases k = 3, n = 9 and k = 3, n = 33, the line graph of the graph Qn(k, k+1)
is a vertex-transitive non Cayley graph. Also, we showed that the line graph
of the graph Qn(1, 2) is a Cayley graph if and only if n is a power of a prime
p. Moreover, we showed that if k is an integer such that it is not a power
of 2, then the line graph of the graph Q2k+1(k, k + 1) is a vertex-transitive
non-Cayley graph. On the other hand, in the following cases, we do not know
whether the line graph of the graph Qn(k, k + 1) is a Cayley graph;
(1) k = 2, and n− 1 = q ≡ 3 (mod 4), where q is a power of a prime integer,
(2) k = 3 and n ∈ {9, 33},
(3) k = 2t or k is an odd integer, when n = 2k + 1.
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